Abstract. The discrete orthogonality of special function families, called C-and S-functions, which are derived from the characters of compact simple Lie groups, is described in [3] . Here, the results of [3] are extended to two additional recently discovered families of special functions, called S s − and S l −functions. The main result is an explicit description of their pairwise discrete orthogonality within each family, when the functions are sampled on finite fragments F s M and F l M of a lattice in any dimension n ≥ 2 and of any density controlled by M , and of the symmetry of the weight lattice of any compact simple Lie group with two different lengths of roots.
Introduction
This paper focuses on the Fourier transform of data sampled on lattices of any dimension and any symmetry [13, 15] . The main problem is to find families of expansion functions that are complete in their space and orthogonal over finite fragments of the lattices. Generality of results is possible because the expansion function is built using properties that are uniformly valid over the series of semisimple Lie groups. Results of [3] on the discrete orthogonality of C− and S−functions of compact simple Lie groups are extended to the recently discovered families of S s − and S l −functions. The new families of functions add new possibilities of transforms for the same data.
Uniform discretization of tori of all semisimple Lie groups became possible after the classification of conjugacy classes of elements of finite order in compact simple Lie groups [6] . This was accomplished in [11, 12] for C−functions and extended to S−functions in [13] . Functions of C− and S−families are ingredients of irreducible characters of representations. They are uniformly defined for all semisimple Lie groups. Discretization here refers to their orthogonality when sampled on a fraction of a lattice F M in the fundamental region F of the corresponding Lie group and summed up over all lattice points in F M . This lattice is necessarily isomorphic to the weight lattice of the underlying Lie group, but its density is controlled by the choice of M ∈ N.
C−functions are Weyl group invariant constituents of characters of irreducible representations. They are well known, even if unfrequently used [7] . S−functions appear in the Weyl character formula. They are skew-invariant with respect to the Weyl group [8] . In the new families of S s − and S l −functions, the Weyl group acts differently when reflections are, with respect to hyperplanes, orthogonal to short and long roots of the Lie group. The functions are 'half invariant and half skew-invariant' under the action of the Weyl group.
The key point of the discretization of S s − and S l −functions lies in finding appropriate subsets F s M ⊂ F M and F l M ⊂ F M , which play the role of sampling points of a given data. The solution involves determining the sets of weights Λ s M and Λ l M , which label the discretely orthogonal S s − and S l −functions over the sets F s M and F l M . In order to verify the completeness of the found sets of functions, the last step involves comparing the number of points in
The pertinent standard properties of affine Weyl groups and their dual versions are recalled in section 2. Two types of sign homomorphisms and the corresponding fundamental domains are defined in section 3. The S s − and S l −functions and their behavior on the given discrete grids are studied in section 4. In section 5, the number of points in F s M , F l M are shown to be equal to the number of weights in Λ s M , Λ l M . Explicit formulas for these numbers are also given. Section 6 contains the detailed description of the discrete orthogonality and discrete transforms of S s − and S l −functions. Comments and follow-up questions are in the last section.
Pertinent properties of affine Weyl groups

Roots and reflections.
We use the notation established in [3] . Recall that, to the Lie algebra of the compact simple Lie group G of rank n, corresponds the set of simple roots ∆ = {α 1 , . . . , α n } [1, 5, 17] . The set ∆ spans the Euclidean space R n , with the scalar product denoted by , . We consider here only simple algebras with two different lengths of roots, namely B n , n ≥ 3, C n , n ≥ 2, G 2 and F 4 . For these algebras, the set of simple roots consists of short simple roots ∆ s and long simple roots ∆ l . Thus, we have the disjoint decomposition
We then use the following well-known objects related to the set ∆:
• The marks m 1 , . . . , m n of the highest root ξ ≡ −α 0 = m 1 α 1 + · · · + m n α n .
• The Coxeter number m = 1 + m 1 + · · · + m n of G.
• The Cartan matrix C and its determinant
• The root lattice Q = Zα 1 + · · · + Zα n .
• The Z-dual lattice to Q,
The marks and the dual marks are summarized in Table 1 in [3] .
• The Z-dual lattice to
Recall that n reflections r α , α ∈ ∆ in (n − 1)-dimensional 'mirrors' orthogonal to simple roots intersecting at the origin are given explicitly by
The affine reflection r 0 with respect to the highest root ξ is given by
We denote the set of reflections r 1 ≡ r α 1 , . . . , r n ≡ r αn , together with the affine reflection r 0 , by R, i.e. R = {r 0 , r 1 , . . . , r n }.
Analogously to (1), we divide the reflections of R into two subsets
We then obtain the disjoint decomposition
Type Figure 1 in [3] ).
We can also call the sums of marks corresponding to the long or short roots, i.e. the numbers
the short and the long Coxeter numbers. Their sum gives the Coxeter number m = m s + m l . The dual affine reflection r ∨ 0 , with respect to the dual highest root η, is given by
We denote the set of reflections r ∨ 1 ≡ r α 1 , . . . , r ∨ n ≡ r αn , together with the dual affine reflection r ∨ 0 , by
Analogously to (1) , (4), we divide the reflections of R ∨ into two subsets
The disjoint decomposition of R ∨ is then
We can also call the sums of the dual marks corresponding to generators from R s∨ , R l∨ i.e. the numbers 
The explicit form of decompositions (4) and (6) of sets R and R ∨ as well as Coxeter numbers m s , m l is given in Table 1 .
Weyl group and affine Weyl group.
Weyl group W is generated by n reflections r α , α ∈ ∆. Applying the action of W on the set of simple roots ∆, we obtain the entire root system W ∆. The root system W ∆ contains two subsystems W ∆ s and W ∆ l , i.e. we have the disjoint decomposition
The set of n + 1 generators R generates the affine Weyl group W aff . The affine Weyl group W aff can be viewed as the semidirect product of the Abelian group of translations Q ∨ and of the Weyl group W :
Thus, for any w aff ∈ W aff , there exist a unique w ∈ W and a unique shift T (q ∨ ) such that w aff = T (q ∨ )w. The retraction homomorphism ψ : W aff → W for w aff ∈ W aff is given by
The fundamental domain F of W aff , which consists of precisely one point of each W aff -orbit, is the convex hull of the points 0,
mn . Considering n + 1 real parameters y 0 , . . . , y n ≥ 0, we have
Recall that the stabilizer
of a point a = y 1 ω ∨ 1 + · · · + y n ω ∨ n ∈ F is trivial, Stab W aff (a) = 1 if the point a is in the interior of F , a ∈ int(F ). Otherwise the group Stab W aff (a) is generated by such r i for which y i = 0, i = 0, . . . , n.
Considering the standard action of W on the torus R n /Q ∨ , we denote for x ∈ R n /Q ∨ the isotropy group and its order by Stab(x) = {w ∈ W | wx = x} , h x ≡ |Stab(x)| and denote the orbit and its order by
Then we have
Recall the following three properties from Proposition 2.2 in [3] of the action of W on the torus R n /Q ∨ :
(2) If x, x ∈ F ∩ R n /Q ∨ and x = wx, w ∈ W , then
2.3. Dual affine Weyl group. The dual affine Weyl group W aff is generated by the set R ∨ . Moreover, W aff is a semidirect product of the group of shifts Q and the Weyl group W
Thus, for any w aff ∈ W aff , there exist a unique w ∈ W and a unique shift T (q) such that w aff = T (q)w. The dual retraction homomorphism ψ : W aff → W for w aff ∈ W aff is given by
The dual fundamental domain F ∨ of W aff is the convex hull of vertices 0,
Considering n + 1 real parameters z 0 , . . . , z n ≥ 0, we have
Consider the point a
of point a is trivial, Stab W aff (a) = 1, if a ∈ int(F ∨ ), i.e. all z i > 0, i = 0, . . . , n. Otherwise the group Stab W aff (a) is generated by such r ∨ i for which z i = 0, i = 0, . . . , n. Recall from [3] that, for an arbitrary M ∈ N, the grid Λ M is defined as cosets from the W −invariant group P/M Q with a representative element in M F ∨ , i.e.
Considering a natural action of W on the quotient group R n /M Q, we denote for λ ∈ R n /M Q the isotropy group and its order by
Recall the following three properties from Proposition 3.6 in [3] of the action of W on the quotient group R n /M Q.
(1) For any λ ∈ P/M Q, there exists λ ∈ Λ M and w ∈ W such that λ = wλ .
(2) If λ, λ ∈ Λ M and λ = wλ, w ∈ W , then
3. Sign homomorphisms and orbit functions 3.1. Sign homomorphisms.
The Weyl group W has the following abstract presentation [1, 5] 
where integers m ij are elements of the Coxeter matrix. To introduce various classes of orbit functions, we consider 'sign' homomorphisms σ : W → {±1}. An admissible mapping σ must satisfy the presentation condition (25)
If condition (26) is satisfied, then it follows from the universality property (see e.g. [1] ) that σ is a well-defined homomorphism and its values on any w ∈ W are given as products of generator values. The following two choices of homomorphism values of generators r α , α ∈ ∆, obviously satisfying (26), lead to the well-known homomorphisms:
which yield for any w ∈ W 1(w) = 1 (29)
It is shown in [10] that, for root systems with two different lengths of roots, there are two other available choices. Using the decomposition (1), these two new homomorphisms are given as follows [10] :
Since the highest root ξ ∈ W ∆ l , there exist w ∈ W and α ∈ ∆ l such that ξ = wα. Then from the relation r ξ = wr α w −1 , we obtain for any sign homomorphism that σ(r ξ ) = σ(r α ) holds. Thus we have
Similarly, for the highest dual root η there exists a root β ∈ W ∆ s such that η = 2β/ β, β , and we obtain
Fundamental domains.
Each of the sign homomorphisms σ s and σ l determines a decomposition of the fundamental domain F . The factors of this decomposition will be crucial for the study of the orbit functions. We introduce two subsets of F :
where ψ is the retraction homomorphism (10) . Since for all points of the interior of F the stabilizer is trivial, i.e. Stab W aff (a) = 1, a ∈ int(F ), the interior int(F ) is a subset of both F s and F l . In order to determine the analytic form of the sets F s and F l , we define two subsets of the boundaries of F
Note that, since for the affine reflection r 0 ∈ R l it holds that ψ(r 0 ) = r ξ , we have from (33) that σ s • ψ(r 0 ) = 1 and σ l • ψ(r 0 ) = −1. Taking into account the disjoint decomposition (4), we obtain for any r ∈ R the following two exclusive choices:
Proposition 3.1. For the sets F s and F l , the following holds:
Proof. Let a ∈ F .
(1) If a / ∈ F \ H s , then a ∈ H s , and there exists r ∈ R s such that r ∈ Stab W aff (a). Then according to (35), we have σ s • ψ(r) = −1. Thus, σ s • ψ (Stab W aff (a)) = {±1} and consequently a / ∈ F s . Conversely, if a ∈ F \ H s , then the stabilizer Stab W aff (a) is either trivial or generated by generators from R l only. Then, since for any generator r ∈ R l it follows from (35) that σ s • ψ(r) = 1, we obtain σ s • ψ (Stab W aff (a)) = {1}, i.e. a ∈ F s . (2) This case is completely analogous to case (1).
The explicit description of domains F s and F l now follows from (11) and Proposition 3.1. We introduce the symbols y s i , y l i ∈ R, i = 0, . . . , n in the following way: y
Thus, the explicit form of F s and F l is given by
Dual fundamental domains.
The sign homomorphisms σ s and σ l also determine a decomposition of the dual fundamental domain F ∨ . The factors of this decomposition will be needed for the study of the discretized orbit functions. We introduce two subsets of F ∨ :
where ψ is the dual retraction homomorphism (18). Since for all points of the interior of F ∨ the stabilizer is trivial, i.e. Stab W aff (a) = 1, a ∈ int(F ∨ ), the interior int(F ∨ ) is a subset of both F s∨ and F l∨ . In order to determine the analytic form of sets F s∨ and F l∨ , we define two subsets of the boundaries of
Note that, since for the affine reflection r ∨ 0 ∈ R s∨ it holds that ψ(r ∨ 0 ) = r η , we have from (34) that σ s • ψ(r ∨ 0 ) = −1 and σ l • ψ(r ∨ 0 ) = 1. Taking into account the disjoint decomposition (6), we obtain for any r ∈ R ∨ the following two exclusive choices:
Similarly to Proposition 3.1, we obtain: Proposition 3.2. For sets F s∨ and F l∨ , the following holds:
The explicit description of domains F s∨ and F l∨ now follows from (19) and Proposition 3.2. We introduce the symbols z s i , z l i ∈ R, i = 0, . . . , n in the following way: z
Thus, the explicit form of F s∨ and F l∨ is given by
S s − and S l −functions
Four sign homomorphisms 1, σ e , σ s and σ l induce four types of families of complex orbit functions. Within each family, determined by σ ∈ {1, σ e , σ s , σ l }, are the complex functions ϕ σ b : R n → C labeled by weights b ∈ P and in the general form
The resulting functions for σ = 1 in (42) are called C−functions; for their detailed review, see [8] .
For σ = σ e , we obtain the well-known S−functions [9] . The discretization properties of both C− and S−functions on a finite fragment of the grid 1 M P ∨ were described in [3] . The remaining two options of homomorphisms σ s and σ l and corresponding functions ϕ σ s λ , ϕ σ l λ , called S l − and S s −functions [10] , were studied in detail for G 2 only [16] . In order to describe the discretization of functions ϕ σ s λ and ϕ σ l λ in full generality, we first review their basic properties. 
The following properties of S s −functions are crucial:
• invariance with respect to shifts from
Thus, the S s −functions are (anti)symmetric with respect to the affine Weyl group W aff . This allows us to consider the values ϕ s b (a) only for points of the fundamental domain a ∈ F . Moreover, from (35), (44) we deduce that ϕ
This antisymmetry implies that the functions ϕ s b are for all b ∈ P zero on part H s of the boundary of
and therefore we consider the functions ϕ s b on the fundamental domain F s = F \ H s only.
Discretization of S s −functions.
In order to develop discrete calculus of S s −functions, we investigate the behavior of these functions on the grid 
Next we have ϕ
and thus we can consider the functions ϕ s λ on F s M parametrized by cosets from λ ∈ P/M Q. Moreover, it follows from (22) and (45) that we can consider ϕ s λ on F s M parameterized by classes from Λ M . Taking any λ ∈ Λ M and any reflection r ∨ ∈ R s∨ we calculate directly using (34), (45) and (46) that
This implies that, for λ ∈ M H s∨ ∩ Λ M , the functions ϕ s λ are zero on
we conclude that we can consider S s −functions ϕ s λ on F s M parameterized by λ ∈ Λ s M only.
S l −functions.
4.2.1. Symmetries of S l −functions. Choosing σ = σ l in (42), we obtain S l −functions ϕ σ l b ; we abbreviate the notation by denoting
The following properties of S l −functions are crucial
Thus, the S l −functions are (anti)symmetric with respect to the affine Weyl group W aff . This allows us to consider the values ϕ l b (a) only for points of the fundamental domain a ∈ F . Moreover, from (35), (52) and (54) we deduce that
This antisymmetry implies that the functions ϕ l b are for all b ∈ P zero on part H l of the boundary of F
and therefore we consider the functions ϕ l b on the fundamental domain F l = F \ H l only.
4.2.2.
Discretization of S l −functions. In order to develop discrete calculus of S l −functions, we investigate the behavior of these functions on the grid 
and thus we can consider the functions ϕ l λ on F l M parametrized by cosets from λ ∈ P/M Q. Moreover, it follows from (22) and (53) that we can consider ϕ l λ on F l M parameterized by classes from Λ M . Taking any λ ∈ Λ M and any reflection r ∨ ∈ R l∨ , we calculate directly using (34), (53) that
we conclude that we can consider S l −functions ϕ l λ on F l M parameterized by λ ∈ Λ l M only.
Number of grid elements
5.1. Number of elements of F s M and F l M . Recall from [3] that, for an arbitrary M ∈ N, the grid F M is given as cosets from the W −invariant group 1 M P ∨ /Q ∨ with a representative element in the fundamental domain F
and the following property holds
The representative points of F M can be explicitly written as
The number of elements of F M , denoted by |F M |, are also calculated in [3] for all simple Lie algebras.
Using these results, we derive the number of elements of F s M and F l M . Firstly, we describe explicitly the sets F s M and F l M . Similarly to (36), we introduce the symbols u s i , u l i ∈ R, i = 0, . . . , n:
The explicit form of F s M and F l M then follows from the explicit form of F s and F l in (37):
Using the following proposition, the number of elements of F s M and F l M can be obtained from the formulas for |F M |.
Proposition 5.1. Let m s and m l be the short and long Coxeter numbers, respectively. Then
Proof. Taking non-negative numbers u i ∈ Z ≥0 and substituting the relations u s i = 1 + u i if r i ∈ R s and u s i = u i if r i ∈ R l into the defining relation (62), we obtain
This (1) C n , n ≥ 2, 6. Discrete orthogonality and transforms of S s − and S l − functions 6.1. Discrete orthogonality of S s − and S l −functions.
To describe the discrete orthogonality of the S l − and S s −functions, we use the ideas discussed in [13] and reformulated in [3] . Recall that basic orthogonality relations from [3, 13] are, for any λ, λ ∈ P/M Q, of the form:
